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a b s t r a c t

We present a population model to examine the forces that determined the quality and quantity of
human life in early agricultural societies where cultivable area is limited. The model is driven by
the non-linear and interdependent relationships between the age distribution of a population, its
behavior and technology, and the nature of its environment. The common currency in the model is the
production of food, on which age-specific rates of birth and death depend. There is a single non-trivial
equilibrium population at which productivity balances caloric needs. One of the most powerful controls
on equilibrium hunger level is fertility control. Gains against hunger are accompanied by decreases in
population size. Increasing worker productivity does increase equilibrium population size but does not
improve welfare at equilibrium. As a case study we apply the model to the population of a Polynesian
valley before European contact.

© 2008 Elsevier Inc. All rights reserved.
1. Introduction

Population dynamics are important to human genetic and
cultural adaptation and our ecological interactions, but our tools
for exploring these relationships remain limited. We follow
Lee (1986) and Wood (1998) in a demographic and economic
approach to preindustrial societies andpresent and analyze an age-
structured model of a space-limited early agricultural society.

The condition of a human population living at equilibrium
has interested scientists, statisticians and writers for a long time.
More than 2000 years ago Aristotle urged abortion and infanticide
for citizens and expulsion of slaves and aliens as means of
stabilizing the population and reducing the threat of hunger.
More recently Condorcet (1795) proposed that over time humans
would maximize welfare by progressively limiting population
growth. In response Malthus (1798) argued that humans could not
realistically constrain fertility and predicted periodic catastrophes
in which starvation checked population growth. Boserup (1965)
has argued that increasing population density drives an increasing
rate of innovation, which will in turn increase population density.
Such arguments have often been phrased in terms of human
carrying capacity. Cohen (1995) concluded that attempts to
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estimate Earth’s carrying capacity are doomed to failure because
‘‘carrying capacity’’ is both multi-dimensional and conditional.
In particular, Cohen argues, turning caloric potential into people
depends on cultural norms and expectations. There are examples
in human history where each of the scenarios described by
Condorcet, Malthus and Boserup may have played out, suggesting
that none of these ideas is complete. Here we present and analyze
a framework that allows us to incorporate the first two. Boserup’s
is not an equilibrium model, but we can explore the relationship
between population dynamics and innovation.

Following Lee and Tuljapurkar (2008), we present a model
for food-dependent demography, where vital rates (fertility and
survival) are functions of caloric intake that fall with available food,
but cannot be increased above some (biologically and culturally
determined) maximum values even with abundant food. Food
availability is a function of the productivity of the environment and
the nature of the workforce. Analysis of food-dependent models
yields information about the level of hunger in the population
and life expectancy, two measures of well being. We use this
information to examine options prehistoric populations may have
had to alter quality of life, including altering the amount of
work by individuals, controlling fertility, practicing infanticide
or geronticide, changing patterns of food sharing, investing
effort in new agricultural technology or exploring alternate food
sources. Lee and Tuljapurkar (2008) analyze an initial colonization
phase, when populations grow without limitation by arable land.
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Table 1
Parameters and variables used in most numerical examples

Parameter or variable Value Units
ID Description

J Max. food required by most needy age 2785 kcal/day
Y Agricultural potential of the land 13,100 kcal/ha/day
Am Total arable land 1000 ha
H Labor contribution of typical adult (M or F) 5 hours/individual/day
k Conversion from time to area cultivated/yr 0.0944 ha-days/hour/yr
ρx Relative consumption by age 0.294−1
φx Relative labor output by age 0 or 1
γ (0) Max. fertility elas. at any reproductive age 0.135
β1(0) Max. elasticity of survivorship in first year 0.057
β26(0) Max. elasticity of survivorship at age 25 0.19
β66(0) Max. elasticity of survivorship at age 65 0.47
νG Mean max. elasticity of vital rates 0.332
e0(0) Max. life expectancy 45 Years
e0(Ê) Equilibrium life expectancy 30.3 Years
e10(0) Max. life expectancy at age 10 49.1 Years
e10(Ê) Equilibrium life expectancy at age 10 38.0 Years
TFR(0) Max. total fertility 2.44 Daughters
TFR(Ê) Max. total fertility 2.08 Daughters
Ê Equilibrium food ratio 0.680
N̂ Equilibrium total population size 4752 Individuals

Sources: parameters chosen to match Lee and Tuljapurkar (2008).
Here we examine the consequences of living in limited space and
achieving a ‘‘density-dependent’’ equilibrium.

Our space-limited population has at most a single stable equi-
librium in which population growth rate is zero and agricultural
output is sufficient tomaintain the population. Using data fromhu-
man populations we find that the level of hunger at equilibrium is
typically substantial. Effective levers to reduce hunger include fer-
tility control and infanticide. Both generate gains inwelfare accom-
panied by a reduction in population, highlighting a basic tradeoff
between population size and average individual well being. Geron-
ticide has no effect on equilibrium hunger levels and lowers life
expectancy, but does decrease the fraction of non-workers in the
population through an effective exchange of older individuals for
younger ones. Improving agricultural production can have a vari-
ety of effects on populationmeasures, depending on how the gains
are achieved; such improvements increase equilibrium population
size but often with diminishing returns.

Wood (1998) addresses five fundamental questions about the
dynamics of preindustrial populations. He builds logical general ar-
guments that integrate economic theory and population dynamics.
Food-dependent demography allows us to take a significant step
forward fromhis ground-breakingwork by defining an explicit link
between food availability and demographic rates. As a result we
can move from generalities to generalizable functions. Our goal is
not to predict how many people might be supported by a partic-
ular patch of ground but to see how much leverage there is in en-
vironmental, demographic and cultural elements that bear on the
quality and quantity of life. This model may be used to estimate
equilibrium population densities but to do so requires answering
many specific questions about environment, demography and cul-
ture to address Cohen’s points regarding multidimensionality and
conditionality. As such this model is neither strictly Malthusian or
Condorcetian.

2. The space-limited food ratio

Following Lee and Tuljapurkar (2008) we measure food
availability by the food ratio, E, the ratio of available calories to the
calories at which vital rates achieve their maximum values, and
we define quantities making up this ratio similarly. The maximum
vital rates will be denoted mx(0) and px(0) for fertility rate and
survival probability, respectively, at age x when E = 1. We use
parameter definitions from Lee and Tuljapurkar (2008) wherever
possible. Denote caloric consumption needed to achieve maximal
rates by J ρx at age x, where J is daily caloric need at the age
with the largest nutritional need, ρx = 1 for ages x at which
consumption equals J , and ρy < 1 at all other ages y. Maximum
total consumption is J 〈ρ,n(t)〉 = J

∑
x ρx nx(t), where the

population vectorn(t) records the number of individuals of age x at
time t . The notation 〈a, b〉 refers to the scalar product of vectors a
and b. Total population size is N(t). In our numerical examples we
assume the group with the greatest need demands 2,785 kcal/day
to achievemaximal survival and fertility. See Table 1 for parameter
values, which were chosen to match those in Lee and Tuljapurkar
(2008). The food ratio represents the level of hunger experienced
by the entire population if food were distributed in proportion
to need. Other allocations of food by age include, for example,
buffering individuals with the greatest labor potential or in their
reproductive prime from hunger at the expense of the youngest
and oldest in the population. Such alternate methods of allocation
are considered later.

Calories available per time unit depend on Y , the daily caloric
yield per unit area cultivated, averaged over a year or other discrete
time unit of interest; k, a constant that converts daily person-hours
of labor to area; H , the hours worked per day by the age class
working the longest hours; and φx ≤ 1, the hours contributed by
an individual of age x, relative to H . As a vector, φ = {φx}. When
there is plenty of available land, H kφx is the total area that can
be cultivated annually by an individual of age x, and Hk〈φ,n(t)〉
is the total area that can be cultivated by the population. Lee and
Tuljapurkar (2008) describe the dynamics of such a ‘‘food-limited’’
(as opposed to space-limited) population. The values of H and φ,
which define the level and age distribution of work, may vary by
culture. The value of k reflects agricultural technology, as well as
topography, the patchiness of arable land and the like.

We describe space limitation by the fraction F of maximum
area (Am) in active cultivation, a function of labor efficiency and
the population vector, F = F (H k〈φ,n(t)〉/Am). Writing z =

(H k〈φ,n(t)〉/Am), we assume that function F(z) is zero when z =

0 and is concave increasing, saturating at 1 as z increases. Thus
we have a non-linear relationship between population and area in
cultivation (Fig. 1). As the population increases, food production
becomes increasingly limited by space and each new worker adds
less to the production total than the one before him (Fig. 2).
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Fig. 1. The solid line represents the case of unlimited area. As much land as the
population is capable of cultivating is put to use. The dotted line represents the
case where cultivated area is a piecewise linear function of labor. Cultivated area
is increased until it is all in use. The dashed line represents the case in which it
becomes increasingly difficult to put additional area into cultivation the closer the
population gets to themaximum. The function F describes the fraction ofmaximum
area in cultivation.

Fig. 2. Per capita productivity decreases with population size. Equilibrium is
achieved when caloric output drops to the point where fertility and survival
schedules result in a zero-growth population.

However, per capita caloric need is constant, so that total caloric
requirement increases linearly with N . In numerical examples we

use F = 1 − e−
H k〈φ,n(t)〉

Am .
With these definitions the food ratio, the ratio of available

calories to maximal consumption, is

E(t) =
kcal produced

kcal to maximize rates
=

Y Am F
J 〈ρ,n(t)〉

. (1)

When E < 1 the population experiences some degree of food
deprivation and so we call E the hunger level. In the denominator
of Eq. (1), F is an increasing function of N but is bounded by 0
and 1. The denominator increases in proportion to N . Hence as N
increases, E declines, and vice versa (assuming fixed population
structure). This inverse relationship describes a tradeoff between
equilibrium population size and quality of life at equilibrium, as
defined by hunger level and hence by life expectancy. This is a
result of space limitation and does not appear when land is not
limiting (as in Lee and Tuljapurkar (2008)).

As in Lee and Tuljapurkar (2008), fertility and survival rates are
zero when E = 0, increase monotonically in E and approach their
maximum values as E → 1 (Figs. 3 and 4). The response of vital
rates to hunger is described by their elasticities with respect to
Fig. 3. Survival probability declines slowly from its maximumwith E when hunger
is small, but the risk of mortality increases quickly as E approaches the basal
metabolic rate near E = 0.5.

Fig. 4. Fertility responds in a way that is similar to survival probability. We have
assumed that the elasticity of fertility is identical for all ages, although the rates
themselves vary by age.

E. Denote elasticities with respect to E at age x by αx for survival
rate px and γx for fertility rate mx. The elasticity of survivorship,
lx, is βx =

∑y=x−1
y=1 αy, and β1 = 0. We index survivorship such

that l1 = 1. Historical demographic data provide estimates of age-
specific elasticities for fertility mx and mortality qx, where qx is
the probability of death for age class x. We keep the elasticity of
mortality fixed at empirical levels, so the elasticities of survival rate
px decrease with increasing maximal e0 (see Lee and Tuljapurkar
(2008) for details).

Maximal fertility and survival rates depend on the physical
and disease environment, cultural characteristics and technolog-
ical factors. Maximal survival may respond to changes in the in-
teraction between a society and its environment, e.g., the draining
of swampy areas to reduce the incidence of malaria, advances in
cooking technology or practice, changes in sanitation, or the adop-
tion of advantageous or injurious medical practices from another
group. We expect that survival and fertility rates decline slowly as
E falls below 1, and then more rapidly toward zero as daily caloric
availability approaches the basal metabolic rate. Caloric require-
ment for basal metabolism is approximately half of the caloric re-
quirement to maximize vital rates (Cunningham, 1980). We repre-
sent this using gamma cumulative density functions for vital rates
as functions of E (Lee and Tuljapurkar, 2008).

The response of survival to food shortage includes, first, a
biological response in the risk of death. Although the human body



150 C.O. Puleston, S. Tuljapurkar / Theoretical Population Biology 74 (2008) 147–160
appears to have a large capacity to withstand short-term food
shortage with little or no long-term ill effects (see Dyson and O
Grada (2002) and Bengtsson et al. (2004)) we are interested in
the case of a stable environment in which some level of hunger
is persistent. The short-term ability of an individual to withstand
occasional famine becomes irrelevant in the face of enduring
shortage. A second component of survival consists of behavioral
changes in response to food availability. While E describes the
population’s mean hunger level weighted by need, some groups
may bemore insulated or exposed as a result of behavior. Examples
include the disproportionate increased mortality of young or old
in times of scarcity due to neglect or willful murder. The type of
situational infanticide discussed in Clutton-Brock (1991) could be
described by larger elasticities of survival with respect to food for
the youngest age classes. Similarly, part of the response of fertility
rates to hunger can be attributed directly to food limitation, and
a lower conception success rate or higher risk of miscarriage
due to inadequate prenatal nutrition, for example (Scott and
Duncan, 2002). But fertility rates may also change with behavioral
responses to hunger (e.g., a reduced frequency of intercourse or a
change in expected ages of first marriage (Bongaarts, 1978)).

The food-dependent vital rates mx(E) and px(E) generate a
projection matrix A(E), with age-specific fertilities in the first row
and survival probabilities along the subdiagonal, that describes the
dynamics of the population,

n(t + 1) = A(E)n(t). (2)

We assume the dominant eigenvalue of A(0) > 1.

3. Equilibrium conditions

An equilibrium of this model consists of a population n̂ and a
food ratio Ê such that n̂ = A(Ê) n̂. Thus Ê determines amatrix A(Ê)
whose dominant eigenvalue is 1 and whose corresponding right
eigenvector is proportional to n̂. This means that the population
does not grow or shrink and that the population’s distribution
among age classes remains fixed. We can describe the equilibrium
population vector in terms of total population size N̂ and the
population structure û, whose elements sum to 1. Doing so gives
n̂ = N̂ û.

Equilibrium is defined by two conditions. The first uses the
characteristic equation of demography: since Ê is the food ratio at
which the population just replaces itself,∑

x

lx(Ê)mx(Ê) =

∑
x

l̂xm̂x = 1. (3)

Ê is calculated using only maximal fertility and survival and their
elasticities with respect to E. Since E measures the downward
pressure on vital rates, Ê is the level of hunger at which vital rates
fall to replacement levels. Given Ê, the corresponding survivorship
l̂x determines life expectancy (e.g., ê0 and ê10) and the equilibrium
population structure, û. From û we can determine dependency
ratios and other properties of the equilibrium population.

Once we have Ê and û, Eq. (1) determines N̂ as the solution to

Ê =
Y Am

JN̂

F
(
N̂ û

)
〈ρ, û〉

. (4)

The parameter values we use to illustrate the model are found in
Table 1. The parameter values describe early Polynesian societies
(see Lee and Tuljapurkar (2008) for details). These parameters
(including e0(0) = 45 years) yield an equilibrium food ratio Ê =

0.680, meaning that all individuals in the population receive 68%
(corresponding to 1869 kcal/day for the most energetic age class)
of the calories required to achieve maximal fertility and survival.
Solving Eq. (4) gives a population of N̂ = 4752 individuals on
1000 ha (or 2471 acres) of cultivable land. Fig. 5 compares the
equilibrium population structure ûwith the stationary population
structure u(0) we would obtain if survival rates were at their
maximal values. In the figure we show results for two different
maximal survival schedules, e0(0) = 45 and e0(0) = 60. These
‘‘maximum’’ life expectancies describe the expectation of life in
the presence of abundant food. The upper panel shows that û
and u(0) differ significantly at all ages when e0(0) = 60 but
the maximal age structure begins to resemble the equilibrium one
when e0(0) = 45. The lower panel shows in detail the differences
for ages up to 5 years, which is where the greatest divergence in
structure occurs. Life expectancy decreases by 32.6% in the shift
from maximal rates to equilibrium rates when e0(0) = 45. Life
expectancy at equilibrium falls 42.7%whenwe assume e0(0) = 60.
We now discuss the determinants of such equilibria.

4. Understanding equilibrium hunger

At equilibrium, the net reproductive rate R0(Ê) = 1. In our
model, as is typical in human demography (Preston et al., 2001),
the net reproductive rate at any value of E is well approximated by
R0(E) ≈ lµ(E)M(E), where µ is the mean age of reproduction and
M is the total fertility rate. We find that the equilibrium hunger
level Ê is accurately approximated (see Appendix for derivation)
by the equation,

Ê ≈ 1 −
1
K

log
[

K
βµ(0) + γ (0)

log R0(0)
]

(5)

= 1 −
1
K

log K +
1
K

log
[
βµ(0) + γ (0)

]
−

1
K

log [log (R0(0))] . (6)

Here (βµ(0) + γ (0)) is the elasticity of the product lµ(E)M(E)
when E = 1. The parameter K describes the rate of growth
of the elasticity of this product as E falls. In all our numerical
examples K ≈ 7.4, and the value of K changes little with the
other parameters, so we treat it as constant. When maximum
life expectancy is 45 years the approximation yields Ê ≈ 0.677
compared with an exact value of 0.680, an error of 0.4%. This is
the largest percentage error in Eq. (6) over the parameter range
we examined.

We may draw three important conclusions from this approxi-
mation:

(1) Ê decreases when the maximal net reproductive rate R0(0)
increases. For example, suppose thatmaximal fertility doubled
so as to increase the maximal R0(0) from 1.05 to 2.1. This
changes log(log R0(0)) from −3.02 to −0.299. Assuming
elasticities are held constant, Ê would decrease by (0.299 −

3.02)/K ≈ 0.37. Indeed, Eq. (6) shows that the elasticity of Ê
to R0(0) is

−
1

K R0(0) log R0(0)
,

which is −0.10 when R0(0) = 2 but rises to −0.24 when
R0(0) = 1.5. It is clear that if a population could lower its
maximum total fertility rate it couldmake significant headway
against hunger. In fact the closer the maximum total fertility
rate gets to replacement level the greater the response of E.
When the maximum TFR is high, the response of E is weakest.
A lower maximal fertility rate increases the effect of fertility
reductions.
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(2) Ê increases with the elasticities of vital rates at E = 1. In our
numerical examples, (βµ(0) + γ (0)) falls from 0.51 to 0.22 as
maximum e0(0) increases from30 to 60 years. FromEq. (6), the
elasticity of Ê to (βµ(0) + γ (0)) ranges from −0.26 to −0.61.
This is due to the role of the elasticities as modifiers of the vital
rates.When elasticities are small, the decline in vital rateswith
declining E is shallow. It therefore requires a greater drop from
E = 1 to achieve vital rates that correspond to zero growth
compared to system with larger elasticities.

(3) Ê responds to a change in maximal survival via the resulting
increases in both R0(0) and the elasticity βµ(0). As maximal e0
increases from 30 to 60, log(log R0(0)) increases from−1.96 to
−0.33, which acts to decrease Ê via the last term on the right of
Eq. (6). But log(βµ(0) + γ (0)) decreases from −0.66 to −1.53,
which acts to decrease Ê via the second term on the right of
Eq. (6). The combined effect is to decrease Ê from 0.9 to 0.57.

5. Understanding equilibrium population

Given Ê from Eq. (3), calculate the equilibrium age distribution
û, and rearrange Eq. (4) as

ÊN =
Y Am F(N)

J〈ρ, û〉
. (7)

The left-hand side describes a straight line with a slope of Ê (Fig. 5)
and the right-hand side is an increasing concave function due to the
nonlinearity in the cultivation fraction F , whose second derivative
is negative for all N . Because both curves pass through the origin
and F is monotone and all other terms are linear in N , there will be
at most one non-trivial equilibrium.

The slope of the right-hand side asN → 0 is themaximum food
ratio that can be generated by this equilibrium population and its
resources and is Em = (YHk〈φ, û〉/ J〈ρ, û〉). Our Em is equivalent
to E in the food-limited case (Lee and Tuljapurkar, 2008). If Ê ≥

Em there will be no non-trivial equilibrium because the calories
required to maintain a workforce cannot be produced. Em, the
population feasibility threshold, depends on YHk as a product, so
multiplicative changes to any of the three will have an identical
effect on this threshold.

As N → ∞, the cultivation fraction F → 1 and the right-
hand side of Eq. (7) approaches (Y Am/J〈ρ, û〉). Thus there are
two fundamental ways the equilibrium populationmay be altered,
given Ê. The terms within F (specifically H, k, φ) will affect the
rate at which the right-hand side of Eq. (7) changes, and the
terms outside (Y , Am, J, φ) will affect the asymptotic level (Fig. 5).
Because F ≤ 1 the maximum value of N̂ is (Y Am/Ê J〈ρ, û〉). When
F is near 1 at equilibrium this maximum may serve as a first-
pass approximation of the actual equilibrium population size. This
maximum is the number of individuals who can be supported at a
particular hunger level if all land is in cultivation.

Whether F is in its non-linear (far below 1) or linear (close to 1)
regime is determined by the population size and the parameters
that determine F ’s rate of saturation, c = (Hk〈φ, û〉/Am). If N ≈

(1/c) (or less) it is in the non-linear zone, and if N � (1/c)
then the equilibrium is in the linear zone. In our e0(0) = 45
parameterization N̂ = 4752, less than (1/c) = 5661, and in the
non-linear regime.

6. Marginal production of labor

Wood (1998) in his reevaluation of Malthus discussedmarginal
production, which is the change in calories produced with respect
Fig. 5. Equilibrium N is determined by the intersection of the solid lines,
representing the left- and right-hand sides of Eq. (7). This example, calculated from
the parameters in Table 1, generates a population of 4752 individuals at a hunger
level of 0.680 on 1000 ha of arable land. The dotted line is EmN , the line abovewhich
the population is no longer viable as no straight line passing through the origin will
intersect the curved line. The upper curved line (dot-dash-dot) showswhat happens
to the RHS if we double Y , raising the asymptote. The dashed line represents a
doubling of the product Hk, increasing the saturation rate, but not the asymptote.
Each change increases N̂ , but increasing terms outside of F is more effective.

Table 2
Changing maximum life expectancy at birth

e0(0) NRR(0) λ1(0) ê0 ê10 Ê N̂

30 1.15 1.01 26.9 38.1 0.902 12,619
45 1.63 1.02 30.3 38.0 0.680 17,132
60 2.05 1.03 34.4 37.9 0.567 20,545

to a change in population size. In our model marginal production
is

∂ ( YAm F)

∂nx
= YHkφx

(
∂F
∂z

)
, (8)

where z = (H k〈φ,n〉/Am). As in Wood (1998), here the per capita
caloric production decreases as the population increases (compare
his Fig. 4 to our Fig. 2). For the working ages, (∂F/∂nx), the change
in the fraction of area cultivated as a result of a adding workers
age x, decreases in N , meaning diminishing returns from the labor
of new individuals. As φx = 0 for non-working age classes, their
marginal productivity is always zero.

The importance of knowingwhether F has become linear is that
as F → 1, the terms within F , in particular the characteristics of
labor, become less important to the equilibrium. When the vast
majority of land is in use, increasing worker productivity through
H or k has little effect on caloric production. However, terms that
occur outside of F , including Y and Am will have an effect on
equilibrium population size N̂ , regardless of F .

7. Equilibrium and yield

Yields may increase for several reasons: selection on existing
crop varieties, adoption of new higher-yielding crops, collective
irrigation works, mulching, fertilization, and climate change. How
does the equilibrium population size depend on crop yield? The
answer depends on the amount of vacant land at equilibrium,
which is large when N̂ ≈ (1/c) and small when N̂ � (1/c), as
discussed earlier. From Eq. (4),

∂N̂
∂Y

≈
N̂

Y
(
1 −

N̂
F

∂F
∂N

) . (9)
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Table 3
Parameters and variables from ’Opunohu case study

Parameter or variable Value Units
ID Description

J Max. food required by most needy age 3000 kcal/day
Y Agricultural potential of the land 35,465 kcal/ha/day
Am Total arable land 823 ha
H Labor contribution of typical adult (M or F) 5 hours/individual/day
k Conversion from time to area cultivated/yr 0.0944 ha-days/hour/yr
ρx Relative consumption by age 0.294−1
φx Relative labor output by age 0 or 1
γ (0) Max. fertility elas. at any reproductive age 0.135
β1(0) Max. elasticity of survivorship in first year 0.057
β26(0) Max. elasticity of survivorship at age 25 0.19
β66(0) Max. elasticity of survivorship at age 65 0.47
νG Mean max. elasticity of vital rates 0.332
e0(0) Max. life expectancy 45 Years
e0(Ê) Equilibrium life expectancy 30.3 Years
e10(0) Max. life expectancy at age 10 49.1 Years
e10(Ê) Equilibrium life expectancy at age 10 38.0 Years
TFR(0) Max. total fertility 2.44 Daughters
TFR(Ê) Max. total fertility 2.08 Daughters
Ê Equilibrium food ratio 0.680
N̂ Equilibrium total population size 17,132 Individuals

Sources: same as Table 1, unless defined explicitly by Hamilton and Kahn (2007).
Fig. 6. At birth the lowest solid line in each panel represents the age structurewhen
e0(0) = 60, and the next lowest is e0(0) = 45. The dotted line is the ê0 = 60
schedule and the dot-dash-dot line represents ê0 = 45. The panels are drawn from
the same data, but the lower panel highlights the differences in the first five years of
life. The effect of changing the maximum survival schedule is most pronounced in
the youngest age classes. Elsewhere the equilibrium age structures are very similar.

Eq. (9) reveals that when F is near 1, so that (∂F/∂N) ≈ 0, we
have (∂N̂/∂Y ) ≈ (N̂/Y ). In this regime, Eq. (4) shows that N̂ α Y ,
meaning that N̂ increases linearly with yield. However, when F is
much below 1, Eq. (9) shows that (∂F/∂N) > (N̂/Y ), and Eq. (4)
shows that (N̂/Y ) α F , so (∂F/∂N) increases with increasing yield.
The result is an initially steep increase in N̂ when yield increases,
which flattens, converging to a line with slope (Am/ÊJ〈ρ, û〉). In
Fig. 7, for any fixedworker productivityHk, we see that N̂ increases
with Y as described above.

8. Equilibrium and technological innovation

Technological innovation can affect a population in three ways
in this model. The first concerns changes that affect demographic
rates, and thus Ê, in Eq. (3). Examples include the adoption of
a medical technology or a practice (e.g., safer boats for fishing)
that increases the maximum level of survival at one or more
ages. Changes that increase the maximum life expectancy have
Fig. 7. Equilibrium population as a function of yield per hectare and the number of
hectares that can be worked by the most productive age class, a measure of worker
productivity. The non-linearity when population is low is due to the fact that the
cultivation fraction F is not near 1 andworker productivity can have a large impact.

the effect of reducing the equilibrium food ratio, while increasing
the population size. The effect of such changes on the equilibrium
life expectancy at birth can be counter intuitive. Table 2 shows
the effect of increasing maximum age-specific survival rates. If we
double the maximum life expectancy from 30 to 60 years, the food
ratio drops by 37% and equilibrium life expectancy only increases
by 7.5 years, or 28%. Population increases by 62% at the same
time. Altering the terms in Eq. (3) will also have an effect on the
equilibrium age structure, û, although the only appreciable effect
is in the first few age classes (Fig. 6).

Other forms of innovation can alter the terms inside the non-
linear cultivation fraction F , or those outside of F in Eq. (7). Unlike
changes to demographic parameters, these will only change the
size of the equilibrium population. The effect of technological
advances that increase maximum per capita land cultivation
(H, k, φ) will be muted by the function F as N increases, as above.
Where there is significant uncultivated land at equilibrium, the
initial response of N̂ to innovation will be steep, but approach
zero as these terms are increased. Advances that improve the
caloric potential of the land Y were discussed earlier. Altering the
other terms outside of F in Eq. (4) (Am, 1

J ,
1
ρ
) will have a similar

effect, their response being initially steep and converging to a line
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with positive slope as F saturates, unlike innovations that increase
terms within F . We can visualize the combined effect of these two
forms of innovation as a surface in yield-efficiency-N̂ space (Fig. 7).
The figure illustrates that as yield increases the slope decreases,
converging to a line with a positive slope vs. N̂ . Improving worker
productivity (Hk) provides diminishing returns approaching zero,
as predicted. Note that when total production is too low, no non-
trivial equilibrium is possible and N̂ = 0. This is also illustrated
in Fig. 5, where the dotted line representing the maximum slope
of the right-hand side of Eq. (7) isn’t steep enough to allow an
intersection with the ÊN line. This maximum slope is defined in
part by the product YHk, illustrating the equivalent role these
parameters play in determining population viability.

9. Equilibrium and human behavior

There are two ways that behavioral changes can affect the
equilibrium food ratio. The first alters the maximal vital rates
themselves. These were discussed in the context of medical
innovation earlier, but these rates may change as a result of
a number of behavioral adaptations, some of which may be
considered innovations. These include changes to the background
risk of death, independent of the effects of hunger. Examples
include the reduction of exposure to risky agricultural or hunting
practices, altering rite-of-passage rituals to make them more or
less dangerous, making peace with neighbors and thus reducing
war-related mortality, and the sorts of communal works that may
increase sanitation or safety for large groups of people (e.g., pest
eradication, waste disposal systems, defensive earthworks). If such
efforts increase the maximum survival rates they will in turn
increase the maximum net reproductive rate R0(0), and Eq. (6)
predicts increased hunger at equilibrium (Table 2). This effect is
accelerated by the fact that increasing maximum survival of age
classes through µ ≈ 27 decreases the survival elasticities that
contribute to βµ(0) in Eq. (6). This depresses Ê even further.

We may also think of the effect of behavior on maximum
fertility rates. The biological maximum of human fertility is
estimated at 16 children per woman, or 8 daughters per
woman (Preston et al., 2001), but fertilities near this limit have
rarely been observed. Total fertility rates are functions of the age
of marriage, the likelihood of sexual activity outside of marriage,
the degree of male and female cohabitation, the availability of
contraceptive and abortifacient substances, and the culturally
determined age at weaning, among other things (Bongaarts, 1978).
Typical high-fertility populations have 3.5 daughters per woman
or fewer. MacArthur (1967) suggests a total fertility rate of less
than 2.5 daughters was more typical for Polynesia. We distinguish
the alteration of maximal rates from the alteration of fertility
elasticities by the fact that the former are not a direct response to
hunger. We find that increasing maximum TFR, like an increase in
maximal survival rates, increases R0(0), generating a Malthusian
feedback that lowers the equilibrium rates through the effect of
hunger. However, unlike survival, altering the maximal fertility
rates does not alter their elasticities.

While the kinds of behavioral change required to shift maximal
vital rates likely occurred only over long periods, changes to the
elasticities of survival and fertility with respect to hunger could
have occurred on a much shorter time scale. The former pushes
the survival or fertility envelope to a new extreme, where the
latter requires either buffering one or more age classes against
the effects of hunger or engaging in behavior that decreases
survival or fertility of some ages in an effort to improve the lot of
others. We assume here that the food ratio is a general indicator
of the plentitude of food, but that elasticities reflect both the
physiological and the behavioral response to hunger, including
the culturally mediated age-related food distribution scheme. For
example, workersmay get a greater percentage of the calories they
require than other groups, or in a gerontocracy the old may be fed
first. Fertility may be similarly affected, e.g., in response to hunger
the age distribution may remain unchanged, but all couples are
expected to halve the number of children they would otherwise
bear; or, marriage and childbearing is delayed to shift the fertility
distribution up in age and thus reduce the total fertility rate. See
Wrigley (1967) for a discussion of fertility control in response to
density-dependent constraints.

Recognizing the constraints on vital rates as functions of food
availability, it only makes sense to think of global changes to
elasticities. A change that increases the elasticity of survival at
some value of E steepens the px(E) curve at that point, but because
px(0) and px(0) are fixed, the entire curve must be adjusted to
compensate. One way this may be accomplished is by altering
the single input parameter by modifying the empirical estimates
of the elasticities near E = 1. When elasticities through the
reproductive ages are increased in this manner, the equilibrium
food ratio increases, following Eq. (6). We find that one method of
maximizing humanwelfare, as measured by Ê and equilibrium life
expectancy at birth, is to increase the elasticity of fertility at all ages
to the point where the total fertility rate approaches replacement
level.

We find that infanticide, accomplished by increasing the
elasticities of survival of the youngest age classes, has an effect
similar to fertility control in terms of life expectancy at age 10. The
term βµ(0) is the sum of all the age-specific survival elasticities
before it, and thus an increase in α1(0) will increase Ê, as in
Eq. (6). However, geronticide, the reduction of survival of post-
reproductive age classes has no effect on Ê, as the reproductive
value of these ages is zero and thus their survival is irrelevant
to Eq. (3) and Eq. (6). Manipulating the age structure will have
an effect on the total population size N̂ , even if it is small. The
effect will depend on the labor and consumption patterns of the
age classes in question. In our parameterization of the model for
pre-European contact Hawai’i increasing the survival elasticities
of the age classes that do not contribute to production has little
effect on the total population size. The equilibrium population
size decreases by less than 0.025% in response to a steep decrease
in survival at those ages. The loss of older individuals results
in proportional increases in all younger age classes. Geronticide
does accomplish an exchange of older individuals for younger
ones, with some loss due to the fact that the oldest age classes
have survived the hazards of previous age classes and are being
exchanged for those who have not. On the other hand, if post-
reproductive individuals performed work outside of agricultural
production (e.g., childcare or the performance of other essential
societal tasks) those services would be lost for little apparent
gain. Additionally, in a geronticide scenario life expectancy would
decrease as a result of the socially imposedwall of mortality at late
ages.

Another question we can address here is the effect of our
assumptions regarding the age distribution of labor. In Eq. (7),
changes to the relative age-specific expectations regarding work
can be recorded in the vector φ. Increasing the number of age
classes that contribute labor or the amount of labor that each age
contributes will tend to increase the rate at which F saturates. The
curved line in Fig. 5 will move upwards as a result and therewill be
some increase in equilibrium population size. This increasemay be
quite small if F is near 1 at equilibrium (or N � (1/c)), illustrating
that addingmore labor to an agricultural systemwhen it isworking
near capacity provides little benefit with regard to population size.
On the other hand if field labor could be reducedwith little effect on
subsistence population size and were invested with higher benefit
elsewhere, there may be a net benefit to the group. We do not
consider such alternate economies here, but they may well have
existed in human history.
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Fig. 8. A per capita tax increases the slope of the solid line and if an intersection
with the F function’s curve still exists, the equilibrium population is decreased.

10. The effect of taxation

One common feature of hierarchical societies is the existence of
some form of taxation. From the point of view of the agricultural
class taxation represents a loss of available calories. Taxes can
be calculated either on per capita basis or as a lump sum, in
the manner of rent. The two methods have profoundly different
consequences for the population’s dynamics. The total tax burden
is Υ , measured in Kcal; If levied per capita, Υ = υN . Eq. (4)
becomes

Ê =
Y Am F − Υ

JN̂〈ρ, û〉
. (10)

It is important to remember that demographic rates and elasticities
fix Ê in Eq. (3), so taxation only affects equilibrium population size
N̂ . Rewrite Eq. (10) as F = (ÊN̂J〈ρ, û〉 + Υ )/(YAm). With taxes
assessed per capita, their burden increases the slope of the solid
line in Fig. 8, shifting the intersection with F function (if one still
exists) to the left and reducing equilibrium population size. The
imposition of a fixed tax, however, shifts the intercept of the solid
line upward and creates the possibility of two non-trivial equilibria
(Fig. 9). In cases where there are two equilibria the lower one is
unstable and if the population drops below the associated value of
N̂ the population will be drawn toward zero (Fig. 10). Above the
unstable equilibrium the population is drawn toward the upper
equilibrium point. If the two equilibrium points are not far apart,
a fixed taxation scheme could provide a hole a population might
fall into in hard times and never find its way out of. In such a
case the population is too small to pay the tax and feed itself at
the equilibrium hunger level, resulting in diminished vital rates
and a negative growth rate, which accelerates as the population
plummets toward extinction.

11. Stability of equilibria

We find that an equilibrium is both globally and locally
stable under our assumptions and expected parameter ranges,
although stability criteria are difficult to interpret (see Appendix).
Stability arises generally becausewhen the population is below the
equilibrium size, assuming the population is near its equilibrium
distribution, per capita resources exceed those at equilibrium
and vital rates increase, as in the Lee and Tuljapurkar (2008)
model. However in our model as the population approaches
equilibrium the growth rate approaches zero due to the reduction
in vital rates as per capita food availability falls. Above equilibrium
population size per capita resources fall such that the growth
Fig. 9. In the case of a fixed tax, the solid line is shifted upward, increasing
the intercept. This represents the tax burden, which is constant, even when the
population is zero. The shifting solid line creates several possibilities. There may
be two non-trivial equilibria, one or none. The solid lines represent increasing tax
burden as the intercept increases.

Fig. 10. In the case of a fixed tax there may be two non-trivial equilibria,
being a saddle-node bifurcation. The upper half of the curve represents the stable
equilibrium solutions and the lower part represents the unstable ones. Perturbation
of an equilibrium on the lower half of the curve will draw the population to the
stable upper equilibrium solution at the same taxation level, or to a population of
zero, as the arrows indicate.

rate of the population becomes negative and it is drawn back
toward equilibrium.When elasticities become large the population
overshoots equilibrium and may oscillate around it.

12. ’Opunohu Valley, a case study

Our model may be used to estimate equilibrium population
densities of real groups in real places, but to do so requires
estimation of a large number of parameters. In this section we
use best available information about the environment, culture and
technological nature to examine what an equilibrium population
on the Polynesian island of Mo’orea might have been before
European contact. Specifically we use data collected by Hamilton
and Kahn (2007) to address the question of population density in
the ’Opunohu Valley of Mo’orea precisely.

The valley is located on the northern side of Mo’orea, one of
the Society Islands of French Polynesia. The tall volcanic island
lies within sight of the bigger island of Tahiti. The valley sweeps
up from ’Opunohu Bay and is contained by steep ridges of the
mountain on either side. There are numerous house sites, terraces
and religious structures called marae within the valley, some of
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which have been excavated for evidence of settlement patterns.
The alluvial plain at the base of the valley is made up of rich
soil and the vegetation that covers much of the valley today is
quite lush. There are several estimates of the island and valley’s
population at about the time of European contact, but these are
quite contradictory.

Our analysis begins with the characteristic equation and the
equilibrium food ratio, Ê. We employ a standard one-sex model
here for simplicity, meaning that we don’t track men and women
separately, but assume the sexes can both be described by a single
set of vital rates. It is difficult enough to agree on generalized
patterns of mortality for modern populations, and even more so
for a group that has not existed in its native form for more than
250 years and for whom skeletal records (with their attendant
problems) are difficult to be had. We assume that in the absence
of hunger, early inhabitants of Mo’orea had a life expectancy of
45 years, while fertility began at age 14 and ended by age 50, with
the peak of the distribution between 25 and 30 years of age (see Lee
and Tuljapurkar (2008) for details). We use the same parameters
as elsewhere, with the exception of J, Y and Am, which are defined
byHamilton andKahn (2007) (Table 3). The result is an equilibrium
hunger level of E = 0.6795. This means that a worker who needs
3000 kcal/day to maximize vital rates, receives only 2039. At this
point we may also calculate the equilibrium age structure, û.

Hamilton and Kahn (2007) divide the valley’s total cultivable
area into 10 combinations of soil and slope and they have
estimated the yield in tons of starch in a typical year (see their
Table 8.9). The cultivars were chosen from among local options to
maximize the starch production for each cultivation zone.Wetland
taro production in the rich alluvial soil of the valley bottom and
in the terraced areas was the most productive, providing 25 tons
per hectare per year. The least productive zone was the semi-
cultivation of a plantain species in themountainous interior, which
provided 1.25 tons per hectare. The mean productivity for the
entire valley was 11.61 tons of starch per hectare per year, which
was converted to 35,478 kcal per hectare per day for our yield
parameter, Y . The sum of all agricultural areas was 823.03 ha,
providing our maximum area, Am.

Following Lee and Tuljapurkar (2008) we assume that half
of the population participates directly in agricultural production,
approximating the sexual division of labor typical of many
Polynesian societies, and that an adult can cultivate 0.9443 ha
over the course of year using traditional methods and working
a traditional day. The relative labor contributions by age, the
vector φ, represent a simple step function in which young adults
begin agricultural work at age 14 and stop after age 44, as in
one parameterization of Lee and Tuljapurkar (2008). During those
yearswe assume all age classes contribute an identical amount and
quality of labor. Our estimates are not particularly sensitive to this
assumption because the availability of land, rather than of labor,
defines the equilibrium. Finally, we assume that land use efficiency

is described by the function F = 1 − e−
Hk〈n,φ〉

Am . We now solve
Eq. (4) numerically for N̂ .

The equilibrium population under our assumptions is 17,132
persons, or an average density of 720 p/km2. This density seems
quite high and begs the question where all these people would
have lived if such a population ever existed. The part of the
valley not dedicated to agriculture is only 15.6 km2, half of which
is too steep for habitation. This leaves 8.3 km2 of area, some
fraction of that being fern-covered, for people to use for habitation.
Thus average density of habitable space would be 2064 p/km2,
or 484 m2/p. The space-limited model’s equilibrium population
exceeds by a factor of almost 2 the carrying capacity of ’Opunohu
Valley estimated byHamilton andKahn (2007). Labor efficiency is a
minor factor in this scenario, and the fraction of land in cultivation
exceeds 99%, after excluding fallow.
Fig. 11. These are the combinations of total fertility rate, worker productivity and
percent change in yield per ha that generate an equilibrium population of 9750 for
’Opunohu Valley. At the levels of productivity and fertility in our parameter set,
yield would have to be reduced by approximately 40% to arrive at the population
predicted by K .

Hamilton and Kahn (2007) used these figures to calculate a
‘‘maximum carrying capacity’’ for comparison to other estimates
of ’Opunohu’s population. They arrived at a maximum carrying
capacity of 9750 individuals based on agricultural capacity and
uniform per capita need, and 1252 minimum population based on
house site counts.

There are two reasonswhy our estimateswill likely exceed such
carrying capacities. Carrying capacity estimates generally assume
the population is made of a single age class, typically the most
energetically needy one. We include children and older people,
who generally consume less than the young adults on whom
the carrying capacity is based, and thus end up with a greater
population from the same number of calories. Additionally, the
inclusion of hunger in our model further reduces the number of
calories per person by not requiring that every person gets all the
calories they desire. In our model the lower the value of Ê, the
greater the equilibrium population size.

Adding realism will generally decrease our estimate of the
equilibrium population. We might assume 10% crop losses to
waste, rot and the like and perhaps an additional 15% taken from
the remainder to support a ruling class. This leaves a total yield of
27,141 kcal/ha and generates an equilibrium population of 12,819.
This figure is much closer to the maximum carrying capacity from
Hamilton and Kahn (2007), but still exceeds it by 31%.

What if the population practiced fertility control such that
hunger isminimized?Whenwe increase (by greater than four-fold
in this case) the elasticity of fertility to the pointwhere equilibrium
fertility is low enough to generate an equilibrium at E = 1,
’OpunohuValley’s equilibriumpopulation number falls to 11,012, a
36%decrease from the initial projection of 17,132. The total fertility
rate in this scenario drops from 2.1 to 1.5 children per parent. At
E = 1, age-specific survival is maximized and the life expectancy
at birth will be maximized as well.

As an exercise we can ask what combinations of fertility
elasticity (as reflected in total fertility rate), yield reduction and
worker efficiency generate an equilibrium population equal to
the (Hamilton and Kahn, 2007) carrying capacity. The results are
shown in Fig. 11.

In general, decreasing the maximum life expectancy increases
per capita food availability at equilibrium. If we change the
maximum life expectancy at birth to 30 years, Ê rises to 0.902 and
N̂ falls to 12,619. At e0(0) = 60 years Ê drops precipitously to
0.567 and N̂ climbs to 20,545. Despite the dramatic differences
in our assumptions regarding the life expectancy without food
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limitation, expected adult lifespan in all three scenarios is identical
(Table 2). This is a reflection of the fact that while adult mortality
levels are relatively stable between scenarios, juvenile mortality
changes tremendously. Given that the remains of the young are
generally less well preserved than those of adults we may be
unable to determine the true maximum life expectancy from
skeletal remains, even given a perfect estimate of equilibriumadult
expectation of life. Without a sense of the childhood mortality
levels we may not be able to tell the difference between a smaller,
well-fed population and a large, hungry one from their mortality
signatures.

13. Conclusions

Our space-limited model of human population dynamics pro-
vides a picture of human quality of life in circumscribed early
agricultural societies. Our model is not a one-dimensional logistic
(e.g., Verhulst (1838)). Nor is it directly analogous to two-species
models, e.g., predator–prey (Lotka, 1925; Volterra, 1926), host-
parasite (Anderson andMay, 1978), or consumer-resource (Caugh-
ley and Lawton, 1981). Instead, our food-dependent demographic
approach links vital rates to the labor supply available to produce
food in a space-limited agricultural system. Model analysis reveals
key tradeoffs between quality of life and demographic parameters,
some of which were under human control, and provides a tool for
examining cultural, ecological and evolutionary interactions in an
early agricultural society.

We find that the hunger level at equilibrium is determined
largely by two factors: the maximum growth rate that the
population can achieve if food is plentiful, and the responsiveness
of the demographic rates to hunger. In consequence, a society
can only improve hunger level and welfare at equilibrium by
either increasing mortality of the working ages or younger, or
decreasing fertility. Our analyses show that the most effective
lever an early society would have had to improve well being
at equilibrium is fertility control. By depressing total fertility a
population could increase both per capita food availability and life
expectancy at birth. Infanticide would also lead to a decrease in
hunger and an increase in adult life expectancy, but is a practice
that many cultures find abhorrent. The size of the population
that can be maintained at equilibrium depends on arable land
area, the labor supply and efficiency of workers, the productivity
of the soil, and the marginal gain in area obtained by adding
new workers. We examined technological innovation as it affects
two aspects of production. An increase in worker productivity,
and thus in the area an individual can cultivate, will increase
equilibriumpopulation size, but the effect is limited by the amount
of uncultivated land remaining at equilibrium. Innovations that
directly increase productivity while using only surplus labor, such
as mulching or irrigation, will increase in equilibrium population
size. A similar effect can be obtained from innovations that
indirectly raise food supply, such as fishing and hunting, or the
manufacture of trade items that can be used to procure additional
calories. Innovations that increase the caloric yield per unit area
have an effect similar to increasing the total arable area, and
both increase equilibrium population almost linearly. None of
these innovations directly affects the hunger level at equilibrium.
Taxation can be incorporated into the model as a reduction in
the caloric availability to the population. We find that a fixed-
tax system provides the possibility of multiple equilibria and has
important implications for stability.

With these results in hand let us revisit the five fundamental
questions proposed by Wood (1998).
(1) Is the growth of preindustrial populations ‘‘regulated’’ in
any meaningful sense of the word? The answer is yes.
Previous work has shown that even when available land is not
limiting, the rate of population growth depends on population
demography, human choices, and the environment (Lee and
Tuljapurkar, 2008). We find that given space limitation a
population in the neighborhood of its equilibrium is drawn to a
population size at which the balance between production and
consumption results in a population growth rate of zero.

(2) Is there an optimal population size, and do preindustrial
populations tend to equilibrate at the optimum? To discuss
optimality in a meaningful way requires specification of
the quantity we aim to maximize, but we find that in a
deterministic environment a population will approach an
equilibrium. If we compare equilibrium states, there is a
fundamental tradeoff between equilibriumwelfare (measured
by hunger level, life expectancy, or fertility at equilibrium)
and the population size at equilibrium. However, any notion of
an optimal equilibrium must be driven by factors outside the
model, such as cultural preferences and choices. For example,
a society that defined a certain level of welfare measured in
terms of infantmortality or adult life expectancywould be able
to move towards that target by manipulating its demographic
behavior. The agricultural environment, productive technology
and labor would then drive the population size to the
corresponding equilibrium level.

(3) What is the relationship between population growth and
economic change? The answer depends on how we define
‘‘economic change’’ with regard to the parameters of the
model, and on how we view population growth. Wood
focuses on Boserupian technological advances that come as a
result of economic pressure. We examine the consequences
for increases in equilibrium population size of improving
technology to either increase the amount of area an individual
may cultivate or alternately to increase the caloric potential of
the soil. In the first case, the effect on the size of the population
is muted by the constraints on cultivation of new land, while
in the second the increase in population size is almost linear.
This is in contrast to a population with plenty of space to
grow, where these changes increase the population growth
rate equally (Lee and Tuljapurkar, 2008).

(4) What are the implications of population growth and economic
change for individual health and well being? Food-dependent
demography addresses these questions directly. In terms
of well being, barring adaptive changes, a space-limited
population will become hungrier and age-specific mortality
will rise as population size increases towards an equilibrium.
Economic growth that alters the productivity of land (or
otherwise increases the caloric returns to labor via other forms
of economic activity) will result in an increase in equilibrium
population size. Economic growth that alters demographic
conditions will affect the equilibrium level of hunger. The
tradeoff between population size and individual well being at
equilibrium is sensitive to changes in technology.

(5) What is the role of crisis mortality in preindustrial population
dynamics? The answer to this question depends on the
duration of the crisis. For a population at equilibrium, a single
short-lived crisis, such as a famine that lasts a few years, will
drive population below its equilibrium level. The response of
hunger and welfare depends on the nature of the crisis: excess
mortality of the young and old will temporarily increase the
food ratio and lower hunger. But this gain will dissipate as
the population recovers and moves back towards equilibrium.
On the other hand, excess mortality in the working ages
may increase hunger as it decreases population, exacerbating
the crisis until the labor force recovers through population
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renewal. A long-lived crisis, such as a multi-decade drought,
effectively lowers agricultural productivity. Absent a change in
demographic behavior, such a crisis will drive the population
to a new equilibrium at lower population size but at the
same level of hunger. But a response of demographic rates is
certainly likely in such a scenario, with increasedmortality and
lower fertility. In that case, the equilibrium hunger level can
rise and the equilibrium population size fall much farther than
it wouldwithout a demographic response. To fully address this
question requires an analysis of the dynamics in a variable
environment, in which we take account of crises of variable
impact and duration. The deterministic dynamics analyzed
here are an essential step towards understanding dynamics in
a variable world.
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Appendix

A.1. Elasticities

Following Caswell (2004), elasticities of survival, αx, and of
fertility, γx, are defined

dpx
d log E

= αx px,
dmx

d log E
= γx mx. (A.11)

Survivorship lx = p1p2 · · · px−1 so the elasticity of lx is

d log lx
d log E

= βx =

y=x−1∑
y=1

αy, (A.12)

where we index survivorship such that l1 = 0, and the elasticity of
l1, β1 = 0.

We estimate the values of αx, γ from the historical data. We
assume they apply at E ≈ 1. Write α0

x , β
0
x , γ

0
x for these estimated

values, assumed to apply at E = 1. These values are independent
of any model we use for the functional dependence of elasticity on
E. The αx will depend on the baseline survival rates because we
are actually starting with mortality elasticities and translating to
survival elasticity. The values of βx(E) and γ (E) rise rapidly as E
falls below 1.

A.2. How elasticities change with E

In general, we can write the vital rates as a product of their
maximal values and a factor that changes with E. For example,
px(E) = px(0)G(E). We require that G(E) is a continuous function
that is very close to 1 at E = 1 and is zero at E = 0. So, in
general, pick a probability density function (pdf) g(E) on (0, ∞)
such that g(E = 0) = 0, |g(E = 1) − 1| � 1. We follow Lee
and Tuljapurkar (2008) and use gamma functions to describe the
generalized response of vital rates to E. Let G be the cumulative
distribution function (cdf) corresponding to g , so that g = dG/dE,
and then set px(E) = px(0)G(E). The elasticity of px is

αx(E) = (f (E)/F(E)) . (A.13)
Fix the parameters by of G by setting α(0) to the historically
estimated value at E = 1, as in Lee and Tuljapurkar (2008). Now
observe that

dαx

dE
=

(dg/dE)

g
αx − α2

x . (A.14)

We write g ′
= dg/dE. The requirement that G(0) is close to 1

means that the density g must fall rapidly as E approaches 1. For
a gamma pdf, this means that b � 1; for a normal pdf, we’d need
µ + 3σ < 1; and so on.

Since all the elasticities are small (� 1) at E = 1, we can
approximate Eq. (A.14) by

dα
dE

=

(
g ′

g

)
E=1

α. (A.15)

A.3. Gamma CDF elasticities

For the gamma pdf,

g ′/g =
d log g
dE

= (a − 1)E −
1
b
. (A.16)

Since the elasticities are small (� 1) at E = 1, we approximate
Eq. (A.14) by

dαx

dE
=

(
g ′

g

)
E=1

αx = −

(
1
b

+ 1 − a
)

αx = −kα
x αx, (A.17)

say. This leads to the approximation

α(E) = α0
x ek

α
x (1−E). (A.18)

Numerical analysis show that this approximation captures the
behavior of the elasticities quite well. Eq. (A.18) shows that
elasticities double when the hunger level drops by (1/K). The
range of values of K is 6.4 for fertility and around 8 for mortality,
so elasticities double when we go from E = 1 to E ≈ 0.88, and
elasticities will increase by a factor of nearly 32 by E = 0.5 and by
a factor of 500 by E = 0.1.

For βx use Eq. (A.12) to write

dβx/dE =

∑
z

(dαz/dE) =

∑
z

−kα
z αx(E),

and approximate this by

dβx/dE = kβ
x βx(E), (A.19)

where kβ is an average,

kβ
x =

{∑
z

kα
z α0

x

}
/

{∑
z

α0
x

}
.

The numbers show that when x = 29 or so, kβ will be about 7 or
so.

Note the general qualitative fact that sincewewant g to be close
to zero at E = 1, as E decreases we will ‘‘ride up’’ the curve of
increasing g and elasticities will change very fast. For the gamma
pdf, we know that the right tail of the gamma near E = 1 is
e(−E/b)

= e−10 E which is the basis for the exponential changes
described above. A similar feature will occur with any other pdf
model because we will always have the tail of g falling fast near
E = 1.
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A.4. Equilibrium with gamma cdf elasticities

Given the maximal rates mx(0), lx(0) compute the mean age of
reproduction,

µ1
=

∑
x
x lx(0)mx(0)∑

x
lx(0)mx(0)

,

and the Total Fertility Rate M =
∑

x mx. Then at E = 1 the Net
Reproductive Rate

R0 = R(E = 1) ≈ lµ M.

Numerics show that for all values of E,

R(E) ≈ lµ M(E). (A.20)

Because the elasticities of themx are equal, just call it γ , we have

d log R(E)

d log E
= (1/E)

d log R(E)

dE
≈ (βµ + γ ) ≈ ξ(E). (A.21)

Since E is close to 1 we can approximate this (getting an
underestimate) by

d log R(E)

dE
= (βµ + γ ) ≈ ξ(E).

A.5. Approximating Ê

The final step is to use Eq. (A.19) and write

(d/dE)(βµ + γ ) ≈ −K (βµ + γ ).

Here

K =

(
kβ
µβ0

µ + kγ γ 0
)(

β0
µ + γ 0

) .

We expect that K ≈ 7 and numerical work conforms this.
This will give us

(βµ + γ ) = (β0
µ + γ 0) eK(1−E).

Now use this to integrate Eq. (A.21) from lower limit E to upper
limit 1 and find

log R(0) − log R(E) = (1/K) ξ 0
{eK(1−E)

− 1},

where

ξ 0
= (β0

µ + γ 0).

At Ê we have R(Ê) = 1 so

(ξ 0/K) log R(0) = eK(1−Ê)
− 1.

Given how large K is, ignore the second term on the right to get the
final result

Ê = 1 − (1/K) log{(ξ 0/K) log R(0)}. (A.22)
A.6. The stability matrix

At equilibrium, if we were to increase the population by an
amount proportional to û, the per capita change in log E would be
proportional to 〈û, 0〉, where

Γx =
∂ log E
∂nx

∣∣∣∣
n̂

=
1
F

(
∂F
∂nx

)
n̂

−
ρx

〈ρ, n̂〉
. (A.23)

The first term on the RHS is the marginal gain in cultivated area
obtained by adding an individual of age x, and the second is the
concomitant increase in baseline consumption. At equilibrium we
expect that 〈û, 0〉 =

∑
x uxΓx < 0. In Lee and Tuljapurkar

(2008) the per capita increase in cultivable area increases linearly
with population size once the stable age structure has been
achieved. This difference is essential to the regulation of space-
limited populations. The result is that E always decreases with an
increase in N (assuming stable age structure), reflecting the fact
that well being is maximized when density-dependent pressure is
minimized, near where the population is zero. The net change in E
is always negative when N increases proportional to û.

Consider what happens when we perturb the population away
from equilibrium by a small vector which we write as

n(t) = n̂ + H(t). (A.24)

The first effect of this is that log Ê changes to

log Ê + 〈H(t), 0〉, (A.25)

where the elements of 0 are defined as in Eq. (A.23). The elements
of the matrix A(t) = A(log E(t)) change to

A(t) = Â + 〈H(t), 0〉

(
∂A

∂ log E

)
n̂

= Â + A 〈H(t), 0〉, (A.26)

where

A =

(
∂A

∂ log E

)
n̂
. (A.27)

Inserting Eq. (A.26) into the dynamic Eq. (2) and eliminating higher
order terms we obtain

H(t + 1) ≈ ÂH(t) + 〈H(t), 0〉 A n̂. (A.28)

We will rewrite this approximation as

H(t + 1) = SH(t), (A.29)

where

S = Â + A n̂0′, (A.30)

where the prime on a vector indicates its transpose.
Local stability of the equilibrium requires that H(t) → 0 as t

increases, which requires that the eigenvalues of S must be less
than 1 in magnitude. We introduce the diagonal matrix

L = diag(l̂), Lyy = ly(Ê). (A.31)

We will study the eigenvalues of a transformation of S that has the
same eigenvalues,

L−1SL = L−1ÂL + L−1AL L−1n̂ Γ ′L . (A.32)

The first matrix on the right of (A.32) is

L−1ÂL =


g1 g2 g3 · · ·

1 0 0 · · ·

0 1 0 · · ·

...
...

...
...

 , (A.33)



C.O. Puleston, S. Tuljapurkar / Theoretical Population Biology 74 (2008) 147–160 159
where gx = lx(Ê)mx(Ê). Matrix (A.33), like Â, has a dominant
eigenvalue 1, and all its rows sum to 1.

The secondmatrix on the right of (A.32) needs to be considered
in bits. First, use Eq. (A.11) and Eq. (A.27) to find

A =


γ1 m1 γ2 m2 γ3 m3 · · ·

α1 p1 0 0 · · ·

0 α2 p2 0 · · ·

...
...

...
...

 , (A.34)

From this conclude that

L−1AL =


γ1 g1 γ2 g2 γ3 g3 · · ·

α1 0 0 · · ·

0 α2 0 · · ·

...
...

...
...

 . (A.35)

The equilibrium age structure is proportional to the survivorship,

ûx = a lx(Ê), (A.36)

where a is a constant that ensures
∑

x ûx = 1.
Using (A.36) and the definition l̂ = {lx(Ê)}, we have

L−1n̂ = c e,

where e is a vector of ones. Then use Eq. (A.35) to find

L−1ALL−1n̂ = c


∑
x

γx gx

α1
α2
...

 . (A.37)

Finally,

c 0′L =
(
γ1 n̂1, γ2 n̂2, . . .

)
. (A.38)

Putting all this together the secondmatrix on the right of Eq. (A.32)
becomes the product

L−1ALL−1n̂0′L =


∑
x

γx gx

α1
α2
...

 (
γ1 n̂1, γ2 n̂2, . . .

)
. (A.39)

The transformed stability matrix L−1SL is thus explicitly given
by the sum of the matrices in Eq. (A.33) and Eq. (A.39). The
population equilibrium n̂ in our model will be locally stable
(meaning that the population will return to the equilibrium if it
is perturbed from it by small numbers) if the eigenvalues of S
(equivalently of the transformed matrix in (A.32)) are all less than
1 in absolute value. The characteristic equation of the transformed
matrix can be written explicitly (see below) but does not seem to
yield useful stability criteria. The usual localization theorems for
eigenvalues do not yield useful criteria, and the general problem of
finding eigenvalues for a sum of matrices such as (A.34) and (A.39)
does not appear to have useful solutions.

Applying standard perturbation theory to the matrix S changes
the dominant eigenvalue to

λ1(S) ≈ 1 +

〈n̂, 0〉
∑
x

(
γxgx + αx−1

∑
y≥x

gy

)
〈v,w〉

. (A.40)

This is a first-order approximation that gets less accurate as the
magnitude of the perturbation gets larger. Since we know that the
elasticities and the gx are positive, and the scalar product in the
numerator of the last term is negative, the fraction on the RHS of
Eq. (A.40) must be negative. So, |λ1(S)| < 1 if the fraction on the
RHS of Eq. (A.40) is between zero and −2. The denominator in the
last term of Eq. (A.40) equals the mean generation time T̂ in the
equilibrium population (typically 25 < T̂ < 30) and so will simply
act to reduce the effect of the perturbations in the numerator.

We conclude that when elasticities of survival and fertility
are much less than 1 the system should be locally stable around
the equilibrium. We can imagine circumstances in which the
elasticities are very large, which could drive a sustained instability
as the population overshoots and undershoots equilibrium. We
have not found such instabilities numerically using parameters
that describe typical early agricultural populations. In factwemust
increase the baseline elasticities of fertility and survival by more
than 24 times to increase λ1(S) to 1.

A.7. The generalized characteristic equation

The perturbationH(t)may be rewritten as a linear combination
of any of the right eigenvectors and a vector of other numbers, c.

Vectors ui and vi are the right and left eigenvectors of
equilibrium projection matrix Â respectively, corresponding to
eigenvalue λi.

H(t) =

∑
i

c(t)iui (A.41)

H(t + 1) =

∑
i

c(t + 1)iui. (A.42)

Substituting into Eq. (A.29)∑
i

c(t + 1)iui = (A + A n̂0′)
∑

j

c(t)juj (A.43)

=

∑
j

c(t)j(A + A n̂0′)uj (A.44)

=

∑
j

c(t)j[λjuj + A n̂0′uj]. (A.45)

Multiply through on the left by v′

i .

c(t + 1)i = λic(t)i +
∑

j

[(v′

iA n̂0′uj)c(t)j]. (A.46)

Define the matrix Λ as a matrix with the eigenvalues of Â along
the diagonal in descending order and zeros elsewhere. Define the
matrix Θ as follows.

Θij = (v′

iA n̂)(0′uj), (A.47)

The dynamics of the vector c may be described in terms of these
two matrices.

c(t + 1) = Λc(t) + Θc(t). (A.48)

The eigenvalues of the matrix (Λ + Θ), call them zi, are the roots
of the equation

|zI − Λ − Θ| = 0. (A.49)

Define the following terms for simplicity

ai = v′

iA n̂ (A.50)

bi = 0′ui. (A.51)
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Working from Eq. (A.49) in the 2 × 2 case we get the equation

0 =

∣∣∣∣(z − λ1 0
0 z − λ2

)
−

(
a1b1 a1b2
a2b1 a2b2

)∣∣∣∣ (A.52)

=

∣∣∣∣(z − λ1 − a1b1 −a1b2
−a2b1 z − λ2 − a2b2

)∣∣∣∣ (A.53)

= [(z − λ1) − a1b1][(z − λ2) − a2b2] − a1b2a2b1 (A.54)
= (z − λ1)(z − λ2) − a2b2(z − λ1) − a1b1z − λ2. (A.55)

In the 3 × 3 case we get

0 =

∣∣∣∣∣
(z − λ1 0 0

0 z − λ2 0
0 0 z − λ3

)
−

(a1b1 a1b2 a1b3
a2b1 a2b2 a2b3
a3b1 a3b2 a3b3

)∣∣∣∣∣ .
(A.56)

Solving for the determinant of the 3 × 3 matrix, we get

0 = −a3b3(z − λ1)(z − λ2) − a2b2(z − λ1)(z − λ3)

− a1b1(z − λ2)(z − λ3) + (z − λ1)(z − λ2)(z − λ3). (A.57)

For ease of interpretation, define εi = (z − λi). This gives
characteristic equations in the 2 × 2, 3 × 3 and 4 × 4 cases,
respectively,

0 = −a2b2ε1 − a1b1ε2 + ε1ε2 (A.58)
0 = −a3b3ε1ε2 − a2b2ε1ε3 − a1b1ε2ε3 + ε1ε2ε3 (A.59)

0 = −a4b4ε1ε2ε3 − a3b3ε1ε2ε4 − a2b2ε1ε3ε4
− a1b1ε2ε3ε4 + ε1ε2ε3ε4. (A.60)

For a k × kmatrix the characteristic equation may be written

0 = −akbk

∏
i

εi

εk
− ak−1bk−1

∏
i

εi

εk−1
− · · · − a1b1

∏
i

εi

ε1
+

∏
i

εi.

(A.61)
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